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The study of clusters has provided the most tangible link between local geometry and bulk condensed matter. But experiments have not yet systematically explored the thermodynamics of even the smallest clusters. Here we present experimental measurements of the structures and free energies of colloidal clusters in which the particles act as hard spheres with short-range attractions. We find that highly symmetric clusters are strongly suppressed by rotational entropy, while the most stable clusters have anharmonic vibrational modes or extra bonds. Many of these are subsets of closepacked lattices. As the number of particles increases from 6 to 10 we observe the emergence of a complex free energy landscape with a small number of ground states and many local minima.
An isolated system of 10 interacting atoms or molecules will in general adopt a structure that differs in symmetry and average energy from that of a bulk liquid, solid, or even a system containing 100 particles. Yet the study of such small clusters has shed light on a wide variety of phenomena in condensed matter physics and physical chemistry. Since Frank first predicted (1) that icosahedral short-range order would be a hallmark of liquid structure, the study of small cluster geometry has provided key insights into the frustration underlying non-equilibrium phenomena such as nucleation and the glass transition (2, 3, 4) . Experimental studies (5, 6) have confirmed this approach through the discovery of local cluster-like order in bulk liquids and glasses, with recent results (7) suggesting that structural arrest in condensed phases may be related to geometrical constraints at the scale of a few particles.
There remain many unresolved questions about cluster geometry and the connection to bulk behavior. Although experiments and simulations have determined the minimum potential energy clusters for various interactions (8, 9, 10) , the likelihood of observing a particular cluster structure depends on its free energy (11, 12) . What cluster structures are favored by entropy? And how does the competition between potential energy and entropy evolve as the number of particles N approaches the bulk limit? Experiments on atomic clusters have not systematically explored these questions; they are limited by short cluster lifetimes, non-equilibrium conditions, and the difficulties of obtaining real-space structures of individual clusters in free space (13) .
We report experimental results for the structures and free energies of small equilibrium clusters as a function of N, with N ≤ 10. The experimental system is described in Fig. 1 . We use colloidal particles rather than atoms because we can precisely control the interactions and directly observe the three-dimensional (3D) structures of the clusters using optical microscopy. To a good approximation our particles act as "sticky" hard spheres, arguably the simplest non-trivial interaction that leads to clustering. The attraction arises from a depletion interaction with a range of about 1.05 times the particle diameter and a depth of about 4k B T . Because the pair potential is short-ranged, the total potential energy U of a given structure is well approximated by U = CU m , where C is the number of contacts or depletion "bonds" and U m the depth of the pair potential (14) . While in bulk these particles form a gel, the range and depth of the interaction are consistent with an equilibrium phase diagram showing a fluid-crystal transition. (17) .
We create clusters by isolating small numbers of polystyrene (PS) microspheres in cylindrical microwells filled with water and poly(N-isopropylacrylamide) (poly-NIPAM) nanoparticles, which cause the depletion interaction. We chemically functionalize the microwells so that particles cannot stick to the surfaces. This allows 3D clusters to form in the middle of the wells, unaffected by the boundaries. After the clusters reach equilibrium, we use optical microscopy to observe the cluster structures, and we collect statistics by scanning through the microwell plate, which contains thousands of isolated clusters. Although the number of particles per well is not controlled, we generate enough clusters at each N ≤ 10 to measure their occurrence frequencies. We then determine the free energies from the ensemble statistics through the Boltzmann distribution: ∆F = −k B T ln P, where P is the probability of (14) . We use lithography to make microwells with depth and diameter 30 µm (see also Fig. S1 ). These are filled with a suspension of 1.0 µm diameter polystyrene (PS) spheres and 80 nm poly(Nisopropylacrylamide) (polyNIPAM) microgel particles, which induce a depletion attraction as illustrated in (B). The number of PS particles per well varies, but the average is about 10. (C) Pair potential as estimated from the Vrij approximation to the Asakura-Oosawa potential. (15, 16) . Because the range of the depletion attraction is less than 1/10 the PS sphere diameter, the interaction is strictly pairwise additive. (D) Optical micrograph of microwells with assembled colloidal clusters suspended inside. The circles highlight individual clusters in different microwells. There are about 10 4 microwells per slide. (E) High magnification optical micrographs of colloidal clusters in microwells with N = 2, 3, 4, 5 particles. These are the only structures that form for N ≤ 5.
observing a given cluster. We classify our clusters by comparing them to finite sphere packings. A previous theoretical study (18) enumerated the mechanically stable clusters of idealized hard spheres with infinitesimally short-ranged interactions, revealing the minima of the potential energy landscape as a function of N. All of the minima at each N ≤ 9 have the same potential energy, a situation not observed with longer-ranged potentials (19) . Here we explore the structures and probabilities of these packings at finite temperature, which allows us to map the free energy landscape (20, 21, 11) . All the observed cluster structures agree with the theoretical predictions. For example, for N < 6 we observe one unique structure for each N: a dimer for N = 2, trimer for N = 3, tetrahedron for N = 4 and triangular dipyramid for N = 5. The optical micrographs in Fig. 1 show the structures of the smallest clusters.
The first interesting case is N = 6. Here we observe two structures ( Fig. 2 and Fig. S2 ), both with C = 12 contacts and therefore equivalent potential energy. The first is the octahedron, a Platonic solid. The second we call a "polytetrahedron." It consists of a triangular dipyramid with a third tetrahedron added to one of the faces. We observe transitions between the two states on time scales of minutes, indicating that the system is at equilibrium (Movie S1).
Even though these two structures have the same potential energies, the polytetrahedron occurs about 20 times more often than the octahedron, implying a free energy difference of about 3k B T . This difference can be attributed only to entropy. As shown in Fig. 2 , the measured probabilities for the two structures agree well with theoretical calculations based on standard approximations for the rotational and vibrational entropies in the classical limit (14) .
Notably, the rotational entropy makes the largest contribution to the free energy difference between the two structures ( Fig. S2 ). The rotational partition function is related to two geometrical quantities: the number of orientations, which is proportional to the moment of inertia, and the rotational symmetry of the cluster, or, alternatively, the number of ways one can assemble the same cluster by permuting particle labels (22). Formally, the ratio of the permutational degeneracies of two clusters is inversely proportional to the ratio of their symmetry numbers (23). This permutational degeneracy accounts for a factor of 12 in the polytetrahedron:octahedron probability ratio. The remaining factor of 2 comes from the differences in the moments of inertia and the vibrational entropies.
This illustrates a general rule for clusters with short-range attractions: among clusters with the same potential energy, highly symmetric structures are highly unfavorable at equilibrium. By contrast, for the longer-ranged Lennard-Jones 6-12 potential the octahedron has lower potential energy than the polytetrahedron (19) , so that the dominant structure depends on temperature. The dominance of the polytetrahedron in our system may have consequences for nucleation: the equilibrium phase of attractive hard spheres is a face-centered cubic (FCC) crystal (17) Red dots indicate the experimental measurements, with 95% confidence intervals given by the error bars (see (14) and Table S1 ). Renderings and point groups in Schönflies notation are shown for each structure. The number in the subscript of each symbol indicates the order of the highest rotational symmetry axis, and the letter indicates the symmetry group. The highest symmetry structures are those in D, T , and O groups. Structures in C 1 and C 2 groups occur in chiral pairs. At N = 7 the first chiral structures arise. We observe six cluster structures, two of which are chiral enantiomers. The experimental measurements agree well with the theoretical values for the probabilities of each structure, as shown in Fig. 2 .
For these small clusters, the most pronounced influence on the probabilities comes from symmetry. At N = 8, three of the 16 different possible sphere packings never occur in the experiments. These three structures have the highest symmetry numbers, σ = 4, 6, 12.
A few structures differ by such small changes in particle spacing that we cannot differentiate between them in our microscope. All of these are variants of pentagonal dipyramids. In a pentagonal dipyramid of 7 spheres, the top and bottom spheres of the pyramid are separated by a small gap of ≈ 0.05d, where d is the sphere diameter. If these two spheres are brought together, a gap of ≈ 0.09d opens between two of the spheres on the pentagon. Because we cannot resolve this gap in our experiments, we have binned these structures together at both N = 7 and N = 8. The one statistically significant discrepancy between experiment and theory occurs at N = 8; it arises because the experimental potential has a range comparable to the gap distance. Although we account for this extra potential energy in the probability calculations, the probabilities are sensitive to the magnitude of the potential at the gap distance. If the interaction energy differs from our estimated value by only 0.1k B T in the gap, the theoretical calculation falls within error of the experimental value. This difference could be due to polydispersity in either the depletant or large spheres, or to another interaction such as van der Waals forces.
The probability distributions in Fig. 2 are "field guides" to the free energy landscapes at N = 6, 7, and 8. Each structure represents a local free energy minimum, the depth of which is proportional to the probability. We note two topographical features besides the trend toward structures with low symmetry: first, the number of local minima increases dramatically with N, and second, the landscape is relatively flat for N = 7 and 8. In other words, there are many shallow minima, but no one minimum has a free energy much larger than any other.
The landscape undergoes a qualitative change for N ≥ 9. Theoretically we expect some Ω = 77 structures at N = 9 and Ω = 393 at N = 10, too many to catalogue experimentally. We therefore measure only a subset of structures identified by our theoretical study (18) . The subset we choose consists of clusters that fall into either of two categories: non-rigid structures, in which one of the vibrational modes is a large amplitude, anharmonic shear mode, and structures with more than 3N − 6 bonds. Non-rigidity arises when a cluster contains half-octahedra that share at least one vertex, allowing the cluster to twist over a finite distance without breaking or forming another bond. We expect these packings to have high vibrational entropy. Structures with more than 3N − 6 bonds can occur for N ≥ 10. These are the expected ground states. Indeed, these special packings do occur with high frequency, as shown in Fig. 3 and Table S2 . Because most clusters at N = 9 and 10 have equal potential energy, low symmetry, and therefore comparable rotational entropy, we expect the average probability of any one structure in a set of Ω possible clusters to be of order 1/Ω. At N = 9 we expect an average probability of about 1%, and at N = 10, about 0.25%.
By contrast, the one non-rigid structure at N = 9 occurs with P ≈ 10%. Using the theoretical Ω and the experimental P we estimate that the free energy of the nonrigid structure is about 2k B T lower than that of an average structure at N = 9 (14) . Thus the structure is highly stable, by nearly half the free energy of an extra bond. The stabilization comes from the vibrational entropy associated with the non-rigid mode depicted in Movie S3. Our theoretical calculations (14) predict P ≈ 3%, which is lower than the observed probability but higher than all other clusters at N = 9. The discrepancy is due to the sensitive dependence of the vibrational partition function on the curvature of the pair potential near the minimum, a consequence of the non-rigid mode. A more precise calculation requires an accurate measurement of electrostatic effects in the experimental pair potential near the depletion well.
At N = 10, only three of the 393 theoretically possible clusters have 3N −5 = 25 contacts, yet these occur about 10% of the time. Although we have only limited statistics for higher N, we continue to observe the prevalence of a few packings with 3N − 5 or more bonds. The structures with extra bonds have combined probabilities of 20 − 30% at N = 11 and N = 12 (Table S2 ). Again these probabilities are large compared to 1/Ω, even though in several cases the clusters have high symmetry.
The potential energy gain is therefore large enough to overcome the deficiency in rotational entropy.
Perhaps the most striking feature of these clusters is that many are subsets of lattice packings, and in particular of the hexagonally close packed (HCP) lattice. The lattice packings are marked in Fig. 3 . The underlying reason appears to be that both non-rigidity and extra bonds require the clusters to have octahedral subunits. The propensity for icosahedra (8, 24) in longer-range systems is absent in ours. We observe no icosahedra at either N = 12 or N = 13, presumably because neither 12-sphere or 13-sphere icosahedra are special clusters for short-range interactions: neither are non-rigid, neither have more than 3N − 6 bonds, and both have very high symmetry numbers (σ = 60).
Using the same statistical mechanical approximations used to estimate probabilities for N ≤ 8, we can calculate the free energies of all mechanically stable sphere packings that have been enumerated (18) up to N = 10. This yields the free energy landscape shown in Fig. 4 . We see that in general the locus of states is correlated with the rotational entropy, which is proportional to k B ln √ I/σ . The only states that lie below this locus occur at N = 9 and 10. These correspond to either non-rigid structures or structures with extra bonds, both of which appear as deeper minima.
The (14). xaxis is in units of the rotational partition function, where I is the moment of inertia (calculated for a particle mass equal to 1) and σ the rotational symmetry number. The bond strength for the calculation is U m = 4k B T . Each black symbol represents the free energy of an individual cluster. The number of spokes in each symbol indicates the symmetry number (dot=1, line segment=2, and so on). Red symbols are non-rigid structures, which first appear at N = 9, and violet symbols have extra bonds, first appearing at N = 10. Vertical gray lines indicate the contribution to the free energy due to rotational and vibrational entropy. The reference states are chosen to be the highest free energy states at each N. The general trend is for low symmetry states to be favored in proportion to their rotational entropy, k B ln( √ I/σ ). The potential energy contribution accounts for the vertical space between the violet symbols and their gray lines. dral states proliferate as N increases. At N = 10, where clusters with extra bonds first appear, the absolute probability of observing these ground states is low because of the large number of low-symmetry states that lie at slightly higher free energy.
Second, the highest free energy structures for N = 6 − 10 are convex deltahedra (25), polyhedra with a long history in condensed matter physics (26, 3). These are not always the most symmetric structures: at N = 8 the highest free energy state is the deltahedron, a snub disphenoid, which has lower symmetry than an 8-sphere tetrahedral cluster. The convex deltahedra also happen to be the same "minimalmoment" structures formed in capillary-driven assembly of colloidal particles (27). The optimal packings under these non-equilibrium conditions therefore correspond to the least optimal packings at equilibrium.
Our results suggest that nucleation barriers and structural motifs in attractive hard sphere systems such as colloidal suspensions will be different from those in systems with longer-range potentials, which tend to favor symmetric structures at sufficiently low temperatures. For N < 9 all of our clusters have nearly equivalent potential energy, and therefore the rotational entropy selects against symmetric structures at all temperatures. Specifically, the symmetry number and the permutational degeneracy have the greatest effect on the free energy; differences in moment of inertia do not contribute as much. Thus even if cluster rotations are hindered, as they may be in a bulk supercooled liquid, the permutational degeneracy might still influence the probability of formation. At higher N the most probable structures we observe involve combinations of octahedra and tetrahedra. Many of these structures are compatible with an HCP lattice but not FCC. Our results also suggest that the curvature of the pair potential near the minimum should affect nucleation, because the curvature determines the free energy of the non-rigid clusters.
Structures with five-fold symmetry such as the pentagonal dipyramid and icosahedron are highly unfavorable in our system. Therefore we do not expect icosahedra or other clusters with five-fold symmetry to be a structural motif in attractive hard sphere gels or fluid cluster phases (28) where the attraction is short-ranged.
In conclusion, we find that the most stable small clusters of hard spheres with short-ranged attractions can be determined by geometrical rules: (1) rotational entropy favors structures with fewer symmetry elements; (2) vibrational entropy favors non-rigid clusters, which have half-octahedral substructures sharing at least one vertex; and (3) potential energy favors clusters with both octahedral and tetrahedral substructures, allowing them to have extra bonds.
Our picture of the free energy landscape is still incomplete. The qualitative features of the landscape are independent of temperature for our experimental system because the depletion interaction is fundamentally entropic (14) . This will not be the case for other types of interactions, such as DNA-mediated attractions (29). Also, under non-equilibrium conditions we expect a different distribution of structures then the ones shown here. Finally, our model for the landscape does not account for G. Meng, N. Arkus, M. P. Brenner, V. N. Manoharan, Science 327: 560 (2010) energy barriers or the connectivity between minima. It will be interesting to see if further studies can explain the emergence of bulk crystallization or structural arrest in terms of these topographical features and their geometrical underpinnings. 
Materials and Methods 1 Preparation of Particles, Microwells, and Clusters
The model colloidal suspension we use consists of two types of particles, large polystyrene (PS) spheres, and small poly(N'-Isopropylacrylamide) (poly(NIPAM)) spheres, which are used as a depletion agent to cause the larger spheres to attract one another. We synthesized the poly(NIPAM) spheres along with a third type of particle, poly(N'-Isopropylacrylamide-co-Acrylic Acid) (poly(NIPAM-co-AAC)) particles, which were used to coat the microwells and prevent the large PS particles from sticking to them.
Synthesis of poly(NIPAM) Hydrogel Particles
We use precipitation polymerization to synthesize poly(N'-Isopropylacrylamide) hydrogel particles. 2 g of N'-Isopropylacrylamide (NIPAM, monomer, 99%, Acros Organics), 25 mg N,N'-Methylenebisacrylamide (crosslinker, 99%, Promega), and 0.18 g (≈6 mM) sodium dodecyl sulfate (SDS, 99%, EMD Chemicals) were dissolved in 98 mL deionized (DI) water (Milli-Q synthesis grade, Millipore). The solution was stirred and heated to 70°C under nitrogen for 30 minutes to remove extra oxygen in the solution. 25 mg of potassium persulfate (KPS, 99%, Acros) were dissolved in 2 ml DI water and loaded into the reactor to start the polymerization reaction. The reaction ran for 4 hours. Afterward, the poly(NIPAM) hydrogel particles were cleaned by dialysis against DI water for seven days, with water changes every 24 hours. We used a Zetasizer Nano ZS (Malvern Instruments) to measure the size of poly(NIPAM) hydrogel particles. The hydrodynamic diameter of our particles was 80 nm at 20°C and 40 nm at 40°C in DI water. We synthesized a separate batch of poly(N'-Isopropylacrylamide-co-Acrylic Acid) (poly(NIPAM-co-AAc)) hydrogel particles to coat the microwell boundaries and glass substrate. This makes the microwell boundaries rough and prevents polystyrene particles from sticking to them through depletion interactions. The poly(NIPAM-co-AAc) hydrogel particles were synthesized using the same procedure as the 80 nm poly(NIPAM) particles, except that we added 25 mg acrylic acid (99%, Sigma) to the reactants.
Fabrication and Surface Modification of Hydrogel Microwell Plates
Microwell array plates were fabricated by soft lithography. As Fig. S1 shows, the surfaces of microwells and glass slides were then coated with a monolayer of 100 nm poly(NIPAM-co-AAc) hydrogel particles in order to prevent a depletion attraction between the PS particles and the boundaries. The fabrication involved the following steps:
1. Design of photomask: A photomask pattern was designed in AutoCAD (Autodesk Inc.). The pattern (20mm×20mm) has an array of circles 30 µm in diameter with a pitch of 60 µm on a square lattice. The pattern was printed on a photomask transparency at 20,000 dpi resolution by CAD/Art Services, Inc. (http://www.outputcity.com/)
2. Fabrication of SU-8 master mold. Under a clean room environment, a master mold of SU-8 photoresist (MicroChem Corp.) layer with the microwell pattern was fabricated on a silicon wafer by standard photolithography procedures (S1 ). The SU-8 3035 was spin-coated at 3000 rpm onto a silicon wafer (University Wafer), setting the thickness of the SU-8 layer at 35 µm (http://www.microchem.com/ products/su_eight.htm).
3. Silanization of hydrogel-side cover slips and top glass slides: Precleaned No. 1 cover slips (24mm× 30mm, VWR) were silanized so that they could later be covalently bonded to the hydrogel. The same procedure was performed for precleaned glass slides (25mm×75mm, VWR), which were later bonded to poly(NIPAM-co-AAc) particles. Cover slips were immersed in 1.0% w/w 3-Methacryloxypropyltrimethoxysilane (98%, Sigma) in anhydrous ethanol solution for 24 hours at room temperature. Glass slides were immersed in 1.0% w/w (3-Aminopropyl)triethoxysilane (98%, Sigma) in anhydrous ethanol solution for 24 hours at room temperature. Then the cover slips and glass slides were rinsed with anhydrous ethanol and blow-dried with compressed air. The silanization was completed by leaving the cover slips and glass slides in an oven at 110°C for one hour.
4. Hydrogel microwell fabrication: Pre-gel solution was prepared by dissolving 10% w/w acrylamide (99%, Promega), 0.5% w/w N,N'-Methylenebisacrylamide (crosslinker,99%, Promega), 0.5% w/w allylamine (98%, Alfa Aesar) and 0.1% w/w DAROCUR 1173 (photoinitiator, Ciba) in DI water. The pre-gel solution was poured onto the SU-8 master mold and covered by putting the silanized cover slip on top. The solution was placed 10 cm from an UV lamp (B-100YP, UVP) for 10 minutes to polymerize the hydrogel. The polymerized microwell plate was carefully separated from the SU-8 master mold, rinsed with DI water, and stored in DI water.
Surface coating of hydrogel microwell plates and glass slides:
The surfaces of the hydrogel microwell plate and top glass slide were coated with a monolayer of 100 nm poly(NIPAM-co-AAc) hydrogel particles. The fabricated hydrogel microwell plate and silanized glass slides were immersed in a dialyzed colloidal suspension of 100 nm poly(NIPAM-co-AAc) particles for 24 hours at room temperature. Afterward the poly(NIPAM-co-AAc) hydrogel particles were irreversibly adsorbed onto the surfaces. After this surface treatment, we were able to form 3D colloidal clusters of PS spheres in the middle of the microwells. Without the surface treatment, PS spheres formed 2D crystallites on the boundaries of the microwells.
Sample Preparation
The aqueous colloidal suspension added to the microwells was a mixture of 1.0 µm sulfate latex polystyrene (PS) particles (Batch# 2090,1, Molecular Probes, polydispersity (standard deviation in particle diameter)=3%) and 80 nm poly(NIPAM) hydrogel particles in water. The concentration of PS was 10 −3 % w/v and poly(NIPAM) 1.0% w/w (the volume fraction is estimated to be φ s ≈ 25% at 20°C). 15 mM NaCl were added to screen the long-ranged electrostatic repulsion between the PS particles. 0.1% w/w Pluronic P123 (BASF) surfactant was also added to stabilize the PS particles in the salt. This procedure ensured that the depletion attraction between polystyrene particles induced from poly(NIPAM) could be reversed by diluting the poly(NIPAM) particles. The hydrogel microwell plate and glass slides were rinsed with the PS/poly(NIPAM) suspension at least 5 times so that the hydrogel plate had the same ionic and surfactant concentration as the suspension. After the last rinse, the wells were filled with the suspension, and the microwell plate and glass slide were sealed with epoxy (Devcon 5-minute epoxy) around the edges of the cover slip. The number of particles N per well were randomly distributed with a mean of about 10. Before putting the sample on the optical microscope for observation and counting, we waited 24 hours for the system to reach equilibrium at 22.0 ± 1.0°C. We found that the hydrogel microwells tend to deform 10 days after sample preparation, so the observation and data collection was done within 7 days, and the sample was discarded afterward.
Under these experimental conditions, the colloidal clusters could transit between different mechanically stable configurations (Movie S1), demonstrating that the system is at equilibrium.
Experimental Methods

Data Acquisition
We used an inverted optical microscope (Eclipse TE-2000, Nikon Corp.) equipped a 100X objective (N.A.=1.4) and Nomarski differential interference contrast to observe the structures of the colloidal clusters. The images and videos (720 × 720, 40 frames per second) were digitally recorded by CCD cameras (Digital Sight DS-5Mc, Nikon Corp. for still images, and EO-0312C, Edmund Optics for movies) onto a personal computer. We scanned sequentially through the microwells and recorded videos of clusters in each before analyzing the data.
Structure Identification
We resolved the 3D structures of colloidal clusters by scanning through the recorded videos frame by frame. Although the microscope captures a 2D image with narrow depth of field, over time we can image all the particles in the cluster due to the Brownian rotational motion. We map out the nearest neighbors for each particle by looking at the 2D image and following it as the structure rotates in 3D space. We then compare this data to the contact matrices or computer renderings of different finite sphere packings identified in (S2 ).
Counts and Error Analysis
We calculated the probabilities of each structure from the number of occurrences in four different microwell arrays. To estimate the sampling error we used the Wilson score interval method (S3 ) (http: //faculty.vassar.edu/lowry/prop1.html) to estimate the lower and upper limits of the 95% confidence interval. For the small probabilities observed in our experiments, this method gives a much more accurate approximation of the confidence interval than a normal approximation to the multinomial distribution. The experimental statistics are shown in Table S1 . Table S2 summarizes the experimental statistics of clusters for 9 ≤ N ≤ 12.
Theoretical Methods
In the experiment, we measure the probability of structure s, where s is determined by comparison to the sphere packings enumerated in (S2 ) . In order to calculate the expected theoretical probability and other thermodynamic parameters for s, we start with the theoretically calculated coordinates for s. For each enumerated packing we know the equilibrium positions of all the particles, r 0 i = (x 0 i , y 0 i , z 0 i ). With these coordinates, we calculate the potential energy U s , the partition function Z s , and the free energy F s using the methods below. Calculations were done on an Intel-based desktop computer in the Python language (http://www. python.org) with the SciPy extensions (http://www.scipy.org).
Pair Potential
In our calculation of the potential energy we consider two major interactions between two PS particles, the depletion attraction U AO and an electrostatic repulsion U DLVO . U AO was modeled by the Asakura-Oosawa depletion theory in a binary spherical mixture (S4 -S6 ):
where r is the center-to-center distance between two PS particles, φ s the volume fraction of poly(NIPAM) depletant (≈ 25%), and a l and a s the radii of the large PS particles (500 nm) and small poly(NIPAM) (40 nm) depletants. The range of the interaction is the diameter of the poly(NIPAM) depletant 2a s = 80 nm. The surfaces of PS particles have negatively-charged sulfate groups. When two PS particles are very close to each other (r i, j 2a l = 1.0 µm), there is a screened Coulomb repulsion between them. This modifies the shape of the depletion well at small separation:
where Z is surface charge valence per PS particle, λ B is Bjerrum length, κ −1 is the Debye screen length (S7 ). For our experimental conditions, Z = 7.6 × 10 5 (from manufacturer), λ B = 0.7 nm, and κ −1 = 2 nm. The pair potential U(r) we use for calculations is the summation of the depletion attraction and Coulomb repulsion:
The pair potential has a minimum at 1.02d, where d is the sphere diameter. We therefore normalize all distances in the problem to the position of the minimum. The calculated well depth is about 2k B T . The true well depth in our system is probably closer to 4k B T , as estimated from the typical time for cluster rearrangements, which is on the order of tens to hundreds of seconds. A better theoretical estimate of the well depth requires a measurement of the true surface charge of the particles. In calculating the free energy landscape (Figure 4 ), we chose Z = 6.4 × 10 4 , which gives a potential depth of 4k B T at a distance of 1.005d. All other calculations used the parameters given above.
The attractive interaction is short-ranged compared to the PS particle diameter. Because the ratio of the large to small sphere diameters is large, the total potential energy of a colloidal cluster is pair-wise additive.
The details of the potential have little effect on the calculated free energy except in two cases: non-rigid clusters and clusters derived from the pentagonal dipyramid. For non-rigid clusters the curvature of the well affects the integral in Eq. 13. For clusters with gaps within the range of the potential a small difference (0.1k B T ) in the magnitude of the potential at the gap distance can have a significant (≈ 5%) effect on the summed probabilities in Table S1 .
Free Energy, Entropy and Partition Function
In the canonical ensemble (NV T ) ensemble, the probability P s of a state s is given by the Boltzmann distribution:
where Z s is the partition function and F s is the Helmholtz free energy of state s. We calculate the internal partition function Z s and then use Eq. 5 to calculate the free energy F s of a structure s (S8 ). The entropy of the cluster is proportional to the internal partition function Z s . Z s can be written as the product of three approximately independent terms:
where Z t,s is the translational partition function, Z r,s the rotational partition function, and Z v,s the vibrational partition function for a colloidal cluster s. The translational partition function is proportional to the free volume that the structure can explore. Because the volume of the microwell (≈ (30µm) 3 = 3 × 10 4 µm 3 ) is much larger than the size of a cluster (≈ 10µm 3 ), the free volume is approximately the same for all clusters, and the boundaries have no effect on the cluster configurations. Thus we assume Z t,s to be the same for all clusters.
Rotational Partition Function
The rotational partition function reflects the number of orientations and particle permutations of the cluster.
where c r , a product of the temperature and fundamental constants, is the same for all clusters, I the determinant of the moment of inertia tensor, and σ the rotational symmetry number. We calculate I from the coordinates r i of the particles assuming the mass of each particle m i is the same. We normalize the masses to 1 for the calculations of I shown in the paper. To calculate σ we use an algorithm for symmetry detection (S9 , S10 ). This algorithm identifies the point group, which also allows us to determine which structures are chiral. These correspond to clusters in C 1 or C 2 groups, with no v or h subgroups.
Vibrational Partition Function
To calculate the vibrational partition function we assume that the vibrations of each particle about its equilibrium position are harmonic. The total potential energy U can be expanded around the equilibrium configuration:
where x i are the Cartesian coordinates of each individual particle x i ∈ {x 1 , y 1 , z 1 , x 2 , . . . z N } and q α is the internal coordinate of the structure.
The vibrational motions are separated into different non-interacting modes, the normal modes (S11 ). The normal mode spring constants k α are calculated by numerically solving for the eigenvalues of the Hessian:
The Hessian is calculated from numerical derivatives of the pair potential. H has 3N eigenvalues, six of which are zero, corresponding to translational and rotational degrees of freedom. The other 3N − 6 are the spring constants of the vibrational modes. A vibrational mode with eigenvalue k α has vibrational partition function:
where q α is the coordinate of the normal mode α.
The vibrational partition function of a cluster is the product of the partition functions of each individual Z v,α :
where c v is a constant that is the same for all clusters.
Vibrational Partition Function for Non-Rigid Structures
The normal mode analysis overestimates the partition function for a non-rigid structures because the nonrigid mode has a zero eigenvalue. To approximate the partition function for non-rigid structures we must first find the normal mode eigenvectors, then integrate the Boltzmann factor along the non-rigid mode eigenvector. Because the non-rigid mode has a zero-eigenvalue, we first "shift" the translational and rotational eigenvalues to a non-zero constant in order to keep these modes from mixing with the non-rigid mode (S12 ). We then solve for the 3N − 7 normal mode eigenvalues and the null-space of the matrix (which contains only the non-rigid eigenvector) using singular value decomposition. If the non-rigid mode has index α = 0, then its contribution to the partition function is:
where the integral is taken along the non-rigid eigenvector, and the potential energy is calculated numerically from the pair potential. To calculate the vibrational partition function we multiply the 3N − 7 normal mode partition functions (Eq. 11) by the numerically integrated partition function for the non-rigid mode.
Calculation of Probabilities and Free Energies
We calculate the internal partition function up to a constant, Z t c r c v at a given particle number N. This constant is the same for all clusters, so it cancels when we compute the probability:
Given the coordinates of individual particles r i , the internal partition function Z s is calculated from Eq. 6, and potential energy U s is calculated from Eq. 4. We then use the Boltzmann distribution to calculate the free energy of structure s:
where F 0 is the reference free energy for a given N. For each N we use the highest free energy cluster as the reference state. The depletion interaction is entropic in origin. Although we have chosen to include the depletion potential in the internal energy term U of the free energy, it scales linearly with T , so that any ratio of the probabilities of two structures is also independent of temperature. Fig. S2 . Comparison of polytetrahedral and octahedral clusters at N = 6. Top shows optical micrographs and renderings of the two structures with point groups indicated in Schönflies notation, and bottom the entropic contributions to the probability of each. Z r is the rotational partition function and Z v the vibrational partition function. The predicted probability of formation is calculated from the product Z v Z r . The main contribution to the probability comes from the rotational partition function through the symmetry number. The calculated ratio of probabilities is 24 : 1, which agrees well with the experimental data (see also Table S1 ). Table S1 . Number of observations and probabilities of clusters at N = 6, 7, and 8. "Graph #" is a unique identifier for each cluster at each N, calculated from the contact graph generated by version 2.2 of the program NAUTY (http://cs.anu.edu.au/~bdm/nauty/; see also (S2 ) for details of the sphere packing calculations). An asterisk (*) following the graph number indicates a chiral enantiomer. "Index" corresponds to the position of each cluster in the plots of Fig. 2 . Index 1 corresponds to the leftmost cluster at each N. A Σ symbol indicates a sum of probabilities of several similar structures, used to compare to experiment. "Point Group" is given in Schönflies notation. σ is the rotational symmetry number of the cluster, and P theo is the theoretical probability, calculated as described in the theoretical methods section. "Counts" is the number of times a packing was observed experimentally. We use the Wilson score interval method to estimate the 95% confidence intervals of the experimentally measured probabilities P exp . Table S2 . Number of observations and probabilities of clusters for 9 ≤ N ≤ 12. Clusters are categorized by number of bonds and rigidity. "Counts" is the number of times a packing was observed experimentally. We use the Wilson score interval method to estimate the 95% confidence intervals for the experimentally measured probabilities P exp . 
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